Introduction
In this note, we make an attempt to understand the meaning of Bolibruch's theorem for curves of higher genus.
Theorem 0.1 (Bolibruch [1] ). Let ρ : π 1 (P 1 C − Σ) − − → GL(N, C) be an irreducible representation of the fundamental group of the complement of finitely many points Σ = ∅. Then there is a logarithmic connection
such that the local system ker(∇| X−Σ ) on P 1 C − Σ is defined by ρ. Bolibruch's proof is very analytic, but Gabber ( [2] ) gave a more algebraic approach, which we recall in section 1 (see also [4] ). Using his construction, we interpret Bolibruch's theorem in the following way.
Theorem 0.2. Let X be a curve over an algebraically closed field k of characteristic 0, and let ∅ = Σ ⊂ X(k) consist of finitely many points. Let ∇ : E − − → Ω 1 X (log Σ) ⊗ E be a logarithmic connection on a vectorbundle E of rank N such that for all subsheaves {0} = F ⊂ E with rank(F ) < N, ∇F ⊂ Ω 1 X (log Σ) ⊗ F. Then for any p ∈ Σ, there is a semistable vectorbundle E ′ of degree 0 and a logarithmic connection Conversely it is easy to associated such unitary representations of π 1 (X) an irreducible representation π 1 (X − Σ) → GL(N, C):
Proposition 0.3. Let X be a curve over C let E be a semistable bundle on X of degree 0 with graded bundles gr i (E) for the canonical filtration.
1) There is a connection ∇ :
2) There is a constant σ ≤ 3 depending only on E such that for any reduced divisor Σ with deg(Σ) ≥ σ, there is a connection
This way of going back and forth between representations of the projective and the open curve is very lose. On both sides one has parameters. It is not clear whether one should think of this really as a correspondence. It is also not clear how to interpret this in terms of compactification of the moduli space of stable bundles of degree 0.
Gabber's construction
We explain Gabber's construction, transposing it to the algebraic context of theorem 0.2. Hence we consider a projective curve X over k, a divisor Σ > 0 and a logarithmic connection
We fix a point p ∈ Σ and denote by
w to be the inverse image of k w under the restriction map E → E ⊗ k(p), and
The connection ∇ extends to ∇ w on E w if and only if w is an eigenvector of Γ. More precisely, let (w, e 2 , . . . , e N ) be a basis of E ⊗k(p) in which Γ = (γ ij ) is triangular, that is γ ij = 0 i > j. Then in the basis (
Thus the roots of the characteristic polynomial of Γ w , are γ 11 −1, γ 22 , . . . , γ N N .
X (log Σ) ⊗ E be any connection, and M ∈ N. Then there is a connection
Proof. One orders the roots of the characteristic polynomial of Γ in subsets I 1 , . . . , I ℓ ,
By taking an eigenvector e 1 ∈ E ⊗ k(p) for λ 11 and replacing E by E e 1 , one transforms I 1 to
Repeating this m 1 M times, one replaces I 1 by
, there exists an eigenvector e 2 with eigenvalue λ 1,2 , and repeating the same transformation (m 1 − 1)M times with e 2 instead of e 1 one transforms λ 1,2 to λ 1,2 − (m 1 − 1)M, without changing the other roots of the characteristic polynomial. After
M steps, one has
Repeating this for I 2 , . . . , I ℓ , one needs at most
steps to satisfy the first and second condition in 1.2.
2. The proof of theorem 0.2
. . ⊂ E m = E be the Harder-Narasimhan filtration [3] of a rank N vector bundle E, uniquely determined by the two conditions:
and E i /E i−1 semistable, where µ(F ) = deg(F )/rank(F ) for any vector bundle.
In order to prove theorem 0.2 we are allowed to replace E by E(ℓp) for ℓ ∈ Z. In fact, ∇ stabilizes E(ℓp) and the residue Γ of ∇ in p is replaced by Γ − ℓId. In particular this does not change the difference between two eigenvalues of Γ. Thus, replacing E by E(ℓp), we may assume that −1 < µ(E 1 ) ≤ 0 and consequently that deg(E) ≤ 0.
where g = genus of X, and σ = |Σ|.
Proof. Let i 0 to be the minimal i such that the map
By assumption ∇ does not stabilize E i 0 −1 . Hence there exists some minimal number i 1 ≤ i 0 − 1 such that
is not trivial. Then η 1 factors through a linear map
One obtains inductively
and, since µ(E) ≥ µ m and N ≥ m, the inequality of lemma 2.1.
Finally, one proves theorem 0.2 in the following more precise form:
that the characteristic polynomial of Γ = res p (∇) has no multiple zeros, and that
for different eigenvalues λ and µ of Γ with λ − µ ∈ Z.
Then there is a semistable vector bundle E ′ of degree 0, and an extension ∇
Proof. We argue by induction on −deg(E) which is smaller than or equal to M by lemma 2.1.
. Thus E 1 = E and E is semistable of degree 0.
Assume now that deg(E) < 0. If µ(E 1 ) < 0 as well, then for any elementary G transformation at p, and any subsheaf M ⊂ E w , one has
We set F = E 1 for notational simplicity and denote by Q the quotient Q = E/F . We consider an elementary G transformation at p such that the eigenvector w ∈ E ⊗ k(p) maps non-trivially to Q ⊗ k(p). One obtains an exact sequence
Let (E w ) 1 be the first bundle in the Harder-Narasimhan filtration of E w . One certainly has
By definition of E 1 = F , one has µ((E/F ) 1 ) < 0 and
This shows that
By induction we obtain the theorem.
Existence of connections
In this section we lift the unitary connections of the graded pieces of the canonical filtration. Proof. Let X = U i be an affine covering of X,
be some splitting of u on U i . Then
, and therefore the class α ij of S) ) is well defined. If this class vanishes, then in a refinement of (U i ) there are forms
is globally defined and α ij is the exact obstruction to the existence of ∇.
On the other hand, the computation in 3.2, with u i replaced by u ij , shows at the same time that α ij = du ij .
Let X be a projective curve over C and E be a semistable bundle of degree 0 on X. Then there is a unique filtration, which we call the canonical filtration of E, verifying
Recall that the socle of E is the maximal semistable subbundle of E which splits as a sum ν V ν of stable ones.
with gr i E = ν V ν , gr i+1 E = µ V µ for stable bundles V ν and V µ . On the other hand, over C, there is a unique unitary connection d i on gr i E by the Narasimhan-Seshadri correspondence [5] . Proposition 3.2. Let E be a semistable bundle of degree 0 on a complex projective curve, and E i be its canonical filtration. Then there is a connection ∇ on E respecting the canonical filtration and lifting the unitary connections 
X ⊗ Hom(E/E ℓ , gr ℓ E)) kills the extension of E/E ℓ by gr ℓ E given by the canonical filtration, where
. We show directly that d itself vanishes. Its dual is the differential Proof. ∇ induces a connection
res D i (∇ ′ ) = 0 for i = 2, . . . , ρ, and the image of 
Existence of irreducible connections
Let E be a semistable bundle of rank N on the curve X and let
X ⊗ E be a connection. In this section we want to construct a different connection
is an irreducible local system. If X is defined over C this construction and 3.2 imply proposition 0.3. Proposition 4.1. Assume that E is not isomorphic to the direct sum L ⊕N for some L ∈ Pic 0 (X) and let p, q ∈ X be two different points. Then there exists ϕ ∈ Hom(E, Ω
Proof. By assumption there exists a surjection τ : E → S for some bundle S on X of rank s ≥ 2 such that one of the following properties holds true:
X) with a stable bundle T , such that the induced map
* be the canonical filtration of the dual bundle and
it is a direct sum L ⊕ℓ ′ , for some ℓ ′ ≥ 1. In this case,
is a non-trivial extension and for each direct factor T of F m−1 /F m−2 one obtains a surjection from E to a non-trivial extension
Leaving out direct factors of S ′ , which are isomorphic to L, one obtains S as in iii).
For any bundle F on X write F q = F ⊗ k(q). In order to construct a basis of E q we fix a basis of S q , case by case: 
hence the residue map
is surjective. Choose ϕ ∈ End(E, Ω 1 X (log(p + q)) ⊗ E) such that res q (ϕ) is one Jordan block for the eigenvalue 0, with respect to v 1 , . . . , v N . In particular, the only res q (ϕ) invariant subspaces of E q are of the form Ker(res q (ϕ) ι ). Let λ 1 , . . . , λ ν be the eigenvalues of res p (ϕ). Replacing ϕ by π · ϕ for some π ∈ Q(λ 1 , . . . , λ ν ) we may assume that no linear combination Σρ i λ i ∈ Q − {0} for ρ i ∈ Q.
Let V ⊂ E be a subbundle such that
, hence V is a semistable subbundle of E, and the image B of V in S is zero or a semistable subbundle of S.
Since res q (∇ ′ ) = res q (ϕ), for some ι ≥ 1
In particular B = 0. Obviously B = S in case i). In case ii) we remark that v 1 ∈ B q and obtain B = S, as well. 
zero, contradicting the assumptions made. Hence B = S in all cases, and v n ∈ V q . Therefore V q = E q and V = E.
If E = L ⊕N , then in order to find some ϕ, with Ker(∇ + ϕ| X−Σ ) irreducible, one needs three points p, q 1 , q 2 . In fact, choosing the "canonical" basis v
N in E q i , induced by the direct sum decomposition, one has again a surjection ). Repeating the argument used in the proof of 4.1 one obtains: Proposition 4.2. Let Σ = q 1 +q 2 +p be a reduced divisor and E be a semistable bundle with connection ∇. Then for some ϕ ∈ Hom(E, Ω 1 X (log Σ) ⊗ E) the local system Ker((∇ + ϕ)| X−Σ ) is irreducible.
Under stronger condition on the structure of E, it is possible to choose Σ = p, as we illustrate in two examples on an elliptic curve X. 
. Assume res q γ = λ, res q β = µ are chosen such that x 2 −λ·µ has no zero in Q. If V ⊂ E of rank 1 is stabilized by ∇, then residue p (∇| V ) ∈ Q. This contradicts lemma 3.3. with respect to a basis v 1 , v 2 with v 1 ∈ ι(k(p)). Choose φ ∈ Hom(E, E(p)) and λ ∈ k with res p φ = λ · M, such that λα ∈ Z − {0}. By 3.4 a rank 1 subbundle V ⊂ E with ∇(V ) ⊂ Ω 1 X (log Σ) ⊗ V is numerically trivial, hence equal to ι(O X ). Then α and γ are both zero, contradicting the assumption M = 0.
